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Abstract

Nonlinear static and dynamic behaviour of a simply supported fluid-conveying tube, which has a constant inner
diameter and a variable thickness is analysed analytically and numerically. Nonlinear static bending is considered in
two loading cases: (i) a tube subjected to supercritical axial compressive forces acting at its edges or (ii) a tube loaded by
concentrated bending moments, which provide a symmetrical (with respect to the mid-span) shape of a tube. The
nonlinear governing equations of motions are derived by using Hamilton’s principle. The elementary plug flow theory
of an incompressible inviscid fluid is adopted for modelling a fluid—structure interaction. The flow velocity is taken as
the sum of a principal constant ‘mean’ velocity component and a fairly small pulsating component. Firstly,
eigenfrequencies and eigenmodes of a deformed tube are found from linearised equations of motions. Then resonant
nonlinear oscillations of a tube about its deformed static equilibrium position in a plane of static bending are
considered. A multiple scales method is used and a weak resonant excitation by the flow pulsation is considered in a
single-mode regime and in a bi-modal regime (in the case of an internal parametric resonance) and the stability of each
of them is examined. The brief parametric study of these regimes of motions is carried out.
© 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

Flexible fluid-conveying tubes are widely used in various applications, e.g., fuel supply systems, chemical industry,
medical equipment, etc., for connections between various vessels and appliances. These tubes are often exposed to
dynamic loading, including flow pulsation. Then it is of a practical relevance to check whether these loading conditions
are far from or close to the resonant ones and to predict a structural response at the resonant excitation. Such a problem
is rather complicated because typically the ‘initial” or ‘original’ shape of a flexible tube is quite different from the shape,
which it has in a mounted device. Thus, before addressing dynamics of a flexible fluid-conveying tube, it is often
necessary to solve a static problem of its nonlinear deformation.

There is large number of publications referred to dynamics of fluid-conveying tubes. The present state of affairs in
this area is outlined by Paidoussis (1998). Most of the publications surveyed in this book are devoted to various aspects
of vibrations of straight tubes, specifically in the cases, when a tube is clamped at both sides or it is clamped at one edge
and free at the other. In a recent paper by Langthjem and Sugiyama (2000), a comprehensive survey of the literature
devoted to the latter case is given. Some attention in Chapter 6 of the book by Paidoussis (1998) has been also paid to
vibrations of curved pipes conveying fluid and the most useful classification of the approaches is given there as: (i) the
conventional inextensible theory, (ii) the extensible theory, and (iii) the modified inextensible theory. The main point in
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Nomenclature

ay, by parameters defining the distribution of moment of inertia

¢ the velocity of sound in the tube material, equal to \/E/p

D(s) variable dimensional outer diameter of tube cross-section

d dimensional inner diameter of tube cross-section

d nondimensional inner diameter of tube cross-section, equal to d//
E Young’s modulus

F area of tube cross-section

Iy area occupied by a fluid

k material constant defining its physical nonlinearity

I dimensional length of a tube

M; dimensional concentrated bending moment

M, nondimensional concentrated bending moment, equal to M;/Eld
Do dimensional static axial compressive force

5 dimensional axial coordinate

s nondimensional axial coordinate

bo nondimensional static axial compressive force equal to po/Ed

Bor nondimensional static buckling force ©’d*(a* — 1)/64

y nondimensional modal damping coefficient

€ formal nondimensional small parameter to indicate level of approximation
& axial strain

D circular frequency of flow pulsation

v nondimensional circular frequency of flow pulsation, equal to 5/wy
P, Pn dimensional densities of a tube material and fluid, respectively

0 nondimensional fluid density, equal to g /p

o nondimensional detuning parameter

¢ axial stress

70 dimensional mean flow velocity component

7 dimensional amplitude of flow harmonic pulsation

Lo nondimensional mean flow velocity component, equal to jy/c;

1 nondimensional amplitude of flow harmonic pulsation, equal to j/c¢;
dot time derivative, 0/0¢

prime  spatial derivative, 0/0s.

this classification is related to the role of flow-induced changes in static equilibrium configuration of a tube. Apparently,
this issue is most important when a pipe (say, a hose) is really flexible, i.e., when its bending stiffness is fairly small and
flow velocity actually controls its shape. This also means that the ‘initial’ shape of a tube (the shape it has in the absence
of a flow) is not ‘pre-stressed’ in all cases. However, in many practical situations, it is not entirely relevant and a tube
may be stiff enough not to change its configuration in response to variations in mean flow velocity. On the other hand, it
may be sufficiently flexible to exhibit a large static deformation due to action of some external forces or moments not
produced by a fluid-structure interaction. Then dynamic characteristics of a tube (e.g., its eigenfrequencies and
eigenmodes) are controlled by such the static deformation. The present paper addresses exactly this case. A standard
nonlinear beam theory (a flexible rod with a nonextensible axis) is used and firstly a nonlinear static bending of an
originally straight flexible elastic fluid-conveying tube having variable moment of inertia is considered. In this
formulation, the static bending is not affected by the presence of a fluid. Secondly, linear vibrations of a tube are
considered provided that fluid’s flow does not modify a static shape of a tube, but convection of a fluid’s mass makes
corrections to tube’s eigenfrequencies and eigenmodes of vibrations. Finally, nonlinear effects produced by a flow
pulsation are studied.

A problem of nonlinear static bending is posed in two cases: (i) a tube loaded by super-critical axial compressive
forces acting at its edges and (ii) a tube loaded by distributed bending moments specified as a function of the axial
coordinate, in particular, as delta functions. In the present paper, deformations are considered which are symmetric
with respect to the mid-span of a simply supported tube. A tube has a circular cross-section with a constant inner
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diameter and a variable outer diameter. The nonlinearity produced by large displacements and slopes of a deformed
tube is taken simultaneously into account with the nonlinearity in a strain—stress relation in an ideal elasticity of the
tube’s material. An equilibrium configuration is found by minimisation of the functional of a potential energy of a tube
by the method of ‘local variations’ suggested by Banichuk and Tchernousko (1973). The analytical solution given by
Euler’s elastica for a tube of a uniform cross-section compressed by axial forces is used to validate this algorithm of
numerical solution.

Analysis of dynamics is performed in Section 2 for ‘in-plane’ motions of a tube, i.e., those developed in the plane of
static bending deformation. A nonlinear equation of vibrations of a fluid-conveying tube is derived in Section 3 by
applying Hamilton’s principle. A set of eigenfrequencies and relevant eigenmodes is found in a linearised formulation.
Then in Section 4 bi-modal analysis of nonlinear vibrations is performed. The standard multiple scales method (see
Nayfeh, 1973 or Thomsen, 1997) is applied to explore a case of the parametric excitation of vibrations by a flow
pulsation.

2. The static problem of nonlinear bending

A practical formulation of the problem for an elastic flexible tube either compressed by a supercritical axial force or
loaded by bending moments is to determine a distribution of bending moments (or a value of the supercritical
compressive force) that provides its desired shape. This is an inverse problem formulation, which may be
computationally quite expensive to solve. To avoid solving such a problem, an external loading may be considered
as given, whereas stiffness and geometry parameters of a tube may be treated as subjected to possible changes
(some scalar ‘active’ parameters of design should be introduced). Then a static problem of an ‘initial design’ for a
tube loaded by given axial forces or bending moments should be solved first, and a sensitivity analysis of the
shape of a tube (selected as an objective function) to the variations of parameters of design should be performed. Values
of the design variables yielding the desired shape of a tube may be identified based on results of such a sensitivity
analysis.

We consider nonlinear static bending of a tube provided that it is sufficiently slender so that no local buckling occurs
and it preserves cylindrical shape of the tube inner cross-section along the whole length / (a dimensional axial
coordinate 5 is introduced hereafter). It is also assumed that a pressure in the fluid does not affect static deformation of
a tube, which therefore may be analysed without fluid loading. A beam of the tubular cross-section having a variable
moment of inertia is considered and the latter is selected as

_ ad* (ot (s) — 1)

6 64

(1
where a(s) = D(s)/d, D(s) is variable dimensional outer diameter, d = const is the dimensional inner diameter of tube
cross-section, s = §// is the nondimensional axial coordinate. There is the evident constraint imposed on a function a(s):

a(s) > 1.0. (2

We restrict our analysis to symmetric (with respect to mid-span) shapes of a deformed tube, so this function has to be
symmetric too. The straightforward assumption then would be to choose a quadratic approximation. However, we
consider the case when a function «(s) is specified as

i

ax(s) = a; cos(@— —) + by, 3)
3 3

where ay, b; are some constants. Formula (3) provides rather smooth symmetric dependence of tube’s moment of inertia
on an axial coordinate. Of course, material distribution, given in this formula, is quite specific, but it features a typical
case when a tube is softer at its ends, than at the middle. For example, if @; = 0.2,5; = 0.9, then the thickness of a tube
tends to zero at its ends while the outer diameter at the middle of a beam exceeds in 10% the inner diameter. In fact,
function (3) is fairly similar to quadratic polynomial, but it has appeared that from the viewpoint of efficiency of
computations by Mathematica software (Wolfram, 1991), this shape function is more convenient.

A tube is made of a material exhibiting nonlinear elastic behaviour, and the following rheological law of nonlinear
elasticity is adopted after Tchernykh (1978):

¢ = E&(1 — k2, @

where 6, ¢ are the axial stress and axial strain, respectively, E is Young’s modulus and k is a material constant.



418 S.V. Sorokin, A.V. Terentiev | Journal of Fluids and Structures 17 (2003) 415-431
The equilibrium configuration of a tube is conveniently defined by the angle ¢(s) (see Fig. 1(a) for the case of

compression by an axial force) selected as an unknown function of a ‘material’ coordinate s. The following energy
functional is introduced (see Banichuk and Tchernousko, 1973):

! 2 4 _ 1 206 1
J :/0 {”d(%)z{a  kd(a )((p’oﬂ + By cos @y + ZMfgool-é(s—sf)} ds, )

2 64 512

where d(s — s;) is the Dirac delta function and primes denote the spatial derivative 0/0s.

The stationarity condition for this functional defines the stable equilibrium configuration of the tube. The first term in
square brackets presents contribution to the potential energy from the linear component in (4), the second one is related
to the nonlinear component. Formulation (5) comprises both the loading by an axial compressive force (the second
term) and the loading by bending moments (the third term). It is written in the nondimensional form (the energy
functional is scaled to Eld?). In functional (5), f, = po/Ed"* is a value of the nondimensional static axial compressive
force, d = d/I is the ratio of the inner diameter to the length of the tube and M; = M;/Eld? is the nondimensional
bending moment at the point s = s;. Variation of an energy functional (5) with respect to function ¢,(s) results in the
following differential equation:

knd*
256

nd

2 ’
Bo sin ¢y + 67[‘/’6(054 -] -

[(@0)* (0 = D]+ Midils — 5) = 0. (6)
For a simply supported tube, a condition

1
/ sin @y(s)ds =0 @)
0

which implies a lateral deflection of a tube wy(s) should vanish at the right edge is used. An analytical solution for the
boundary problem (6), (7) is not available for arbitrary function «(s) and numerical algorithm suggested by Banichuk
and Tchernousko (1973) is used. It is not a goal of this paper to give detailed description of this algorithm, but it is
appropriate to note that it is based on discretisation of the function ¢(s) at nodal collocation points and successive
perturbations of its values there. This procedure is rather complicated and time-consuming in the general case.
However, it is considerably simplified if a deformed tube remains symmetric with respect to its middle cross-section. In
all the cases considered in this paper the symmetry condition holds true and therefore the numerical algorithm is
computationally inexpensive.

T P(s)

P>P,
cr \ Xg
@ & ”""
0.2
0.15 2
B 01 1
0.05
0.2 0.4 06 0.8
(b) s

Fig. 1. (a) A buckled tube and (b) buckled configuration of an axially compressed tube: curve 1—exact solution; curve 2—numerical
solution.
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Fig. 2. A deformed tube symmetrically loaded by concentrated bending moments.

To check the validity of this numerical procedure, the computed shape of a buckled beam has been compared with
the available analytical results. Problem (6), (7) has a well-known solution in the case of an axially compressed beam for
a(s) = const. The elementary linear stability analysis gives a static buckling force f,, = n’d*(¢* —1)/64, and the
nonlinear analysis of buckling gives a post-critical (, > f3,) configuration of a tube as Euler’s elastica. As the function
¢(s) is found, a nondimensional lateral displacement w(s) and a corresponding horizontal coordinate x(s) are readily
computed

w(s) = [, sin ¢(s) ds,

| )

x(s) = 1— [ cos o(s) ds.
In Fig. 1(b), curve 1 represents buckled configuration of a tube corresponding to Euler’s elastica for a(s) = 1.5, d =
0.02, g, = 1.18,,, e.g., an exact solution in the form of elliptic integrals, see, for example, Timoshenko (1936). Curve 2
represents the equilibrium shape of the same tube obtained by Banichuk—Tchernousko algorithm for 1024 collocation
points introduced along the length of a tube. The equilibrium shape of the beam obtained for 2048 collocation points is
exactly the same as displayed by curve 2, which witnesses a convergence of this algorithm. There is a good agreement
between curves 1 and 2, and hence all results reported below are obtained provided that the static problem is solved at
this level of approximation. In Fig. 2, the equilibrium shape of the same tube loaded by two symmetrically positioned
(s =0.25 and 0.75) concentrated moments (M = 5.32 x 10~%) is shown. Apparently, a tube is deformed only
between the points where moments are applied, while its ‘outer’ parts remain straight.

In Figs. 3(a) and (b), static equilibrium configurations of the tube with a nonuniform cross-section are shown. It is
loaded by two moments at 53y = 0.25 and 0.75. The results illustrated in Fig. 3(a) are obtained for the following set
of parameters of design: a; = 0.4, M = 1.73 x 1073, k = 0.2, and d = 0.05. Three values of parameter b; are taken and
as is seen, the deformed shape of a tube is very sensitive to possible variations of design parameters. In Fig. 3(b), the
static configuration of a beam is shown for b; = 0.9, kK = 0.2 in two loading cases. Although the magnitudes of bending
moment M and tube parameter ¢; are different, maximum lateral deflection in both cases is approximately the same
(Wmax/! = 0.365). Thus, a proper choice of design parameters controlling moment of inertia (a;,b;) in response to
alternations in a bending moment (M) may fulfil the required constraints imposed on deflections of a tube (if there are
any). The role of a nonlinear elasticity is illustrated in Fig. 4 for the case of M =8.96 x 10~° (two moments are
positioned at sy = 0.25 and 0.75), d = 0.02, a; = 0.2, and b; = 0.9. Curve 1 presents an equilibrium configuration
of the beam obtained with the nonlinear elasticity term included into Hamiltonian (k = 0.2), curve 2 corresponds to
analysis performed with k=0. As is seen, the difference between these two curves is negligibly small. In fact, the
nonlinear elasticity plays an important role only for rather short rods, i.e., when the ratio of an inner diameter of the
tube to its length is not very small. For such short tubes large ‘global’ bending is typically associated with local buckling
which is not considered in this paper. Therefore, we conclude that the dominant nonlinear effect in behaviour of long
tubes is produced by a nonlinear geometry, rather than by a nonlinear constitutive law.

3. Governing equations of motions of a deformed tube: linear analysis of vibrations

The dynamics of a tube is considered in the case when it has been subjected to large static deformation and then
a fluid flow is introduced. It is convenient to use Hamilton’s principle to derive governing equations of motions.



420 S.V. Sorokin, A.V. Terentiev | Journal of Fluids and Structures 17 (2003) 415-431

0.30
0.25} 1

0.20¢
z 0.15}
0.10;
0.05;¢

0.0 0.2 0.4 0.6 0.8
(a) S

0.42
0.36}
0.30}
z 0.24; 1
0.18
0.12 2
0.06¢

0.0 0.2 0.4 0.6 0.8 1.0
(b) s

Fig. 3. (a) Static deformation of a tube with a nonuniform cross-section loaded by two moments. Influence of design parameter b;:
curve 1—b; = 0.8; curve 2—b; = 0.95; curve 3—b; = 1.0 and (b) static deformation of a tube with a nonuniform cross-section loaded
by two moments. Curve 1—M = 5.82 x 1074, a; = 0.30; curve 2—M = 5.41 x 10~%, a; = 0.22.
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Fig. 4. Static deformation of a tube with a nonuniform cross-section loaded by two moments. Role of nonlinear elasticity. Curve 1—
k =0.2; curve 2—k = 0.

The potential energy of a tube and its kinetic energy are presented in the dimensional form as

_EI(S) \2 DG(E)fd_ﬁ "4
V= _TUP) - Ekﬂ'w(@) >
K =@ + ) + 2 G+ 7008 97 + v+ 7500 ), (10)

where p, p; are densities of the tube material and fluid, respectively, F is the cross-sectional area of the tube, Fy is the
area occupied by the fluid, and dots denote a time derivative. The flow velocity is introduced in the form

7 = o + {1 cos Vi, (11)
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70, 71 are the mean flow velocity component and the amplitude of its harmonic pulsation, respectively, v is a circular
frequency of flow pulsation. As is seen from (10), the flow of an incompressible inviscid fluid contributes only to the
kinetic energy of a system, so we have assumed that the gravity force is neglected or a horizontal tube is considered. We
also assume that the axis of a tube is incompressible and its axial displacement is formulated as,

i
u(E):l—ﬁ—[ cos ¢ ds. (12)

The Hamiltonian becomes

2

Lo EIG Db — & oF ([ :
H:/o/z] {——;S)(go’)z—i—Ekn 024 (go')‘“l—%[(l (psmq)di) +(/0 (pcosq)ds)}

/ 2 5 2
</ (psin(pd§+;Zcosgo> +(/ gbcos<pd§+yjsin(p)
5 0

The stationarity condition 6 H + flf oW, dt+ fé f[’] 0A4 dtds = 0 yields the nonlinear equation of motions

PnFp
+ 2

} dt ds. (13)

5 51
/ {(ﬁF + ,ﬁﬂFﬂ)/ (¢ cos @ — (¢)* sin @) dﬁl} ds; cos @
0 0
5 I
- / {(p‘F + p‘ﬂFﬂ)/ (¢ sin @ + (¢)* cos @) dﬁl} ds; sin ¢
0 5

—Q—ﬁﬂFﬂ[/ (stingo—i—Z;Zgbcosqo)dS'cosqa—/(jfcosgo—Z}Zgbsin(p)disin(p
0 0

Ekd®n
256
+ paFu? cos @(0) sin ¢ = 0. (14)

+(EIGY 4 pysin o + 22 (@060 0]+ 3 A5G /1 - 5i/D

Here the variation of a virtual nonconservative work is

oW, = —pﬂFﬂ(u)z(l—//\/l — (wy? ds), 5(/1\/1 — (w')? ds)
5 o \Js

see Semler et al. (1994), and the work done by external potential forces is

H

0

i
A= {po(l—i)—p()/ cos<pd§}

+> Mg - 5).
0 i

5=

Eq. (14) is equally valid for the linear pre- and post-critical analysis of vibrations, for the analysis of nonlinear
oscillations about buckled static configuration and for the analysis of large amplitude oscillations, including snap-
through motions. It is convenient to transform Eq. (14) to a nondimensional form by introducing the following
nondimensional parameters (besides those already used in Eq. (5)):

T=twy, L=wofwy, o =\E/p, p=pp/p, 1= T/co
where ¢, is a sound speed in the tube material and  is a scaling factor for the time dependence. In an elementary linear

analysis, this parameter is normally chosen as the first eigenfrequency of free oscillations of an unloaded tube. To
analyse vibrations of a deformed tube, the function ¢(s, ) is formulated as

@(5,7) = @o(s) + P1(s, ) = @o(s) + @y (s)exp(—ir) (15)

In Eq. (15), the function ¢(s) defines symmetric static equilibrium configuration and (s, 7) is the function describing
small oscillations of a deformed tube. If formula (15) is substituted into Eq. (14) and linearisation with respect to
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@1(s,7) is performed, then one obtains

nfd2 n.oq 3 kTL'd4 51 N2 !
Bo@1 cos @, +H[<pl(oc — 1)+ 4« oc(pl} — E[lSa o (@) @,

" oo T
+ 3 — 1)((906)2(9. + 2900900401” + préwl cos @y cos ¢y(0)

B s K K} 1 ) )
+le{/0 (oc2 -1 +p)/0 q)lcosgoodszcosgoof/o (127 1 +p)/ 0 smgoodszsmgoo
p
s

+gpixo [/ @, cos ¢, dscos ¢, + / @, sin @, ds sin q)o} =0. (16)
0 0

In the case of a simply supported tube, the function ¢,(s) is sought in the form

N
@(8) = Z A,y cos mms. 17)

m=1

Eq. (16) is valid for computation of eigenfrequencies and eigenmodes of a tube containing a flowing fluid, since the fluid
flow parameters y, p are accounted for.

In this paper, the analysis of the statics and dynamics of the tube is performed in a nondimensional form,
and its results could be applied to tubes of very different dimensions. However, as has already been discussed,
our choice of parameters is aimed at modelling dynamics of rather small tubes made of rubber-like material and filled
by water or another dense and weakly compressible fluid, which are used in the chemical industry or medical
equipment.

The first and the second eigenfrequencies of an axially compressed tube having a(s) = ax(s), a; = 0.2, by = 0.9,
d =0.02 and k = 0.2 are shown in Fig. 5(a). Curves 1 and 2 correspond to y, =0, p = 0, i.e., to the absence of a fluid
and curves 3 and 4 correspond to y, = 0,p = 0.1. As is well known, eigenfrequency parameters (w// ¢)* and (! / )
in the pre-critical range [0, f..] decay linearly with a growth in the magnitude of a compressive axial force, whereas in
the post-critical range both of them grow relatively slowly with a supercritical growth in this force. In Fig. 5(b), the first
two nondimensional eigenfrequency parameters of a tube loaded by concentrated bending moments acting at points
sm =0.25 and 0.75 are displayed as functions of the magnitude of a nondimensional bending moment M in the same
manner as in Fig. 5(a). Unlike the case of loading by an axial force, an increase in the magnitude of bending moment
results in monotonous growth of both frequencies. As follows from Figs. 5(a) and (b), various values of the ratio

2
6 12/
4 ) %/
3 10
2 8/
By 0 M_4
@ 02 04 06 08 o 10
10
9 2
8
7
6 1
5 %
© 0 0.05 0.1 0.15 0.2

Fig. 5. (a) Dependence of the first two eigenfrequency parameters of a tube on the magnitude of a compressive axial force. Curves 1
and 3 display (w,1/ ¢)%; curves 2 and 4 display (w,! / )%, (b) dependence of the first two eigenfrequency parameters of a tube on the
magnitude of a bending moments. Curves 1 and 3 display (a)ll/c,)z; curves 2 and 4 display (wzl/c,)z, and (c) the first two
eigenfrequency parameters of a tube loaded by concentrated bending moments as functions of the mean flow velocity y,. Curve 1—
(w.l/c,)z; curve 2—((»21/6,)2‘
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Fig. 6. The first eigenmode of a tube loaded by concentrated bending moments. Curve 1—four terms are retained in expansion (17);
curve 2—five terms are retained; curve 3—six terms are retained.

between the first two eigenfrequencies (e.g., internal parametric resonance) may be obtained by a proper choice of
magnitudes of an axial compressive force and bending moments. Fig. 5(c) shows the dependence of the first and the
second eigenfrequency parameters on the mean component of flow velocity y, for a(s) = ax(s), a; = 0.2, by = 0.9,
d =0.02,,k=0.2, p=0.1 and static configuration relevant to M = 2.99 x 10~°. Both the eigenfrequency parameters
decrease with the growth in y, and it is in a good agreement with the results reported, for example, in Svetlitskij (1987).
As follows from comparison of the graphs shown in Figs. 5(b) and (c), for a given range of parameters, eigenfrequencies
decrease with growth in the mean component of flow velocity and increase with a growth in the static loading by
bending moments.

As is well known, in the case of a simply supported axially loaded tube with constant outer and inner diameters, each
eigenmode of vibrations is defined by a single term in expansion (17). If a tube has variable outer diameter, then it is
necessary to retain several terms in (17) to construct each eigenmode. In Fig. 6 the first eigenmode is shown for a tube
with the following set of parameters: a; = 0.2, by = 0.9, d = 0.02 and k = 0.2. Bending moments of M = 2.99 x 107>
are applied at sy, = 0.25 and 0.75. This eigenmode is a rather smooth function between tube end supports and
loading points (s<0.25 and s > 0.75). The static equilibrium shape of a deformed tube is a straight line in these regions.
Between loading points, in the interval 0.25<s5<0.75, static bending occurs and the first eigenmode also varies with a
high gradient. As is seen from comparison of these three curves, it is sufficient to retain five terms in expansion (17) to
describe this eigenmode adequately.

4. Nonlinear dynamics: weak excitation

We consider near-resonant excitation of vibrations of a tube generated by flow pulsation and assume that the flow
velocity has a mean and a pulsating component (11). In practical applications, such an excitation may be relevant to,
say, pumping of a gasoline at a petrol station from a container to a car tank through a very flexible tube; or, in
medicine, to blood convection through an artificial vessel. In these (and many other) cases fluid transportation is
performed with some mean flow velocity subjected to small variations. Apparently, if the frequency of flow pulsation is
fairly close to the resonant frequency, then undesirable nonlinear phenomena may occur in the single-mode regime of
motions. It is also possible that, besides the coincidence between a frequency of flow pulsation with the first
eigenfrequency, there also exists an internal parametric resonance between the first two eigenfrequencies. Then a
nonlinear interaction between vibrations at these two eigenmodes (which are symmetric and skew symmetric,
respectively) may develop and result in dangerous bi-modal regimes of large-amplitude motions. In this section, we
consider both cases.

The standard approach we adopt to solve this problem governed by nonlinear partial differential Eq. (14) is to
combine Galerkin method for the spatial coordinate with a method of multiple scales, to obtain an analytical solution
of a reduced system of nonlinear ordinary differential ‘modal’ equations in the time domain. A set of linear eigenmodes
is used in the spatial coordinate. Direct numerical integration of the original Eq. (14) involves discretisation in the space
and time domains and, therefore, cannot give a clear insight into nonlinear effects of modal interaction due to the
inevitable presence of, for example, round-off errors. Therefore, analytical predictions obtained by the use of a method
of multiple scales are validated in this section by comparison with results of numerical integration of a reduced system
of ‘modal’ nonlinear ordinary differential equations in time.
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4.1. Single-mode analysis. Primary resonance

The method of multiple scales (Nayfeh, 1973; Thomsen, 1997) is used and a time-dependent component of function
@1(s,7) is sought similarly to (15) as

P15, 1) = AV, (9), (18)

i.e., as a product of a shape function ¢, (s), taken here as the first eigenmode of linear oscillations about the post-critical
static equilibrium configuration, and a function A(t) pertaining to the time dependence. Such a choice of a function
@(s,7) is standard in analysis of near-resonant nonlinear vibrations. It should be emphasised here that the eigenmode
¢,(s) depends on the static equilibrium shape of a tube and on the mean flow velocity, as shown in the previous section.
If, for example, static bending moments acting at the tube are changed, then this function should be modified because a
solution of the problem in static bending ¢,(s) is also changed.

The method of multiple scales allows the solution of Eq.(14) to be rewritten as function of independent time
variables (scales). Thus, if 7 is rewritten as Ty = 7, then a ‘slow’ time is introduced as T} = &t (¢ serves only to indicate
level of approximation) and the time derivative becomes d/dt = 0/07 + ¢0/0T;. An excitation (flow pulsation) is
formulated in the nondimensional form as y = y, + &y, cos vt, v = §/wp. An asymptotic solution can now be expressed
in the form

A(t) = By(To, Th) + eBi(To, T1). (19)

The fast scale describes oscillations in ‘real time’, while the slow time 7T} accounts for slow modulations of amplitudes
and phases. The above formulation with two time scales is applied to study nonlinear motions of the tube under
external parametric resonance excitation conditions. Then the governing equation of motion (14) is transformed to a
polynomial form, up to the cubic powers of A(t). Galerkin’s orthogonalisation procedure is applied, with the first
eigenmode ¢,(s) used as a trial function, and the resulting ordinary differential nonlinear equation of motion is
(hereafter, A = A; unless otherwise is stated)

k]z;i + kyA :k3A2 + k4A3 + Pxox1 (kg + koA + k]oAz)COS VT + px%(kn + kipA) cos’ vt
+ VP;LIX] (k13 + k1aA + k|5A2) sin vt + p/l]}(] (km/l + k|7AA) COS VT
+ plaro(kisd + kioAA + kg A* A) + 3 (ka1 (A) + knn A(A)* + ko3 AA + koy A>A) — 74, (20)
where ki(i=1,2,...,24) are coefficients depending on functions ¢,(s) and ¢(s), see Appendix A and 7y is a
nondimensional modal damping coefficient. This parameter is introduced to take into account the energy dissipation in
the tube material. Here we adopt the simple assumption that the dissipation does not depend on the frequency of
excitation and on the mode shape. It should be pointed out that flow-induced ‘damping’ is accounted for in this model

by the term pi,yok1s 4 in Eq. (20). Apparently, the first eigenfrequency of oscillations may be formulated as 4, =
v/ka/ki. We consider a resonant case and let the excitation frequency be defined as

v=27A + &0, (21)

where the detuning parameter ¢ serves to indicate a mismatch between the frequencies v and Z;.
Then equation of motion (20) may conveniently be split into two equationsto order &%

By

aT2 + AlBO 0, (22)
and to order &'

*B 0B

aTZI + /2B, :H{ ZklaT 8(7)" + k3B + ka By + proyi (ks + ko By

+ kloB2) cosvTy + /)}’%(kll + k12By) cos’ vTy + vp)qyl(kn + ki4Bo + k[sBé) sin vT

0B,
+ pliy (ke + k17Bo)— cos vy + plio(kis + kioBo + kao B} ) 0

0By 0By’ o’By 0’By aBO
il k k»B ka3 B kuBies | — Vo |-
* ‘(2‘<6T) e O(aT) i °ar2+ #Pooqz | e,
The first term in the asymptotic expansion (19) is a solution of Eq. (22) and it has the form
= N(T1) exp(iz1 To) + N(T1) exp(—iZ1 To), 24)

(23)
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where the second term is the complex conjugate of the first one. To obtain a uniformly valid asymptotic solution, the
secular terms in the fast time scale 7, must be eliminated from the right-hand side of Eq. (23). Solution in the slow time
is sought as N(T)) = %a(Tl)exp(ié(Tl)); here a(7T;) and &(T)) are its real-valued amplitude and phase, respectively.
Substituting (24) in (23), eliminating the secular terms, and separating the real and imaginary parts gives the following
system of amplitude modulation equations:

da 1 kg R k13 k10 3k15 .
ar, :ﬁl{ {—PX()XI (5 + koaz) —YPAIS + PX0X1427 - vp/hx,azT sin
ki . a , \
+Atproa’kan — px?% sin 20 + Zipy1 k17 cosy + A prokisa — vma}, (25)
dy 1 kg ki3 ko kis
ad_Tl = - 2—/11{ [,0%0}(1 (7 + kloaz) + VP/11X17 + PXonTCIZ + Vﬂ}{17¢12 cos
2 k k
+ %aklz + px%%cos&p - )ﬁp}glcf% sin

+(3ky + I1koni? — 30k P)a + 2al10},
where another phase angle is introduced as y = ¢ — oT). The derivative of a phase angle ¢ becomes
d¢/dT, = dy/dT, + o T). (26)

A stationary amplitude of a is obtained from Eq. (25) by letting da/dT, = a(dy/dT)) = 0 and solving a system of
nonlinear equations with respect to @ and . Then stability of this solution is checked in a standard way (see, for
example, Nayfeh, 1973) by constructing the Jacobian of system (25) and calculating its eigenvalues at the stationary
point. Negative real parts of all eigenvalues indicate stability of the obtained solution.

Typical amplitude response curves are presented in Fig. 7 for perfectly tuned weak resonant excitation. A tube is
statically loaded by two moments of magnitude M = 2.21 x 10~ applied at s,, = 0.25 and 0.75. The parameters of
the tube are: a; = 0.2, by = 0.95, d = 0.02, kK = 0.2 and y = 0.1. The nondimensional density of the fluid is (p =) 0.2.
The amplitude of symmetric resonant vibrations is plotted versus pulsating component of flow velocity y; for two values
of mean flow velocity y,. Solid lines present a stable solution of amplitude modulation Eq. (25), while circles designate
values of the amplitude « obtained by direct numerical integration of the ‘modal’ Eq. (20). As is seen, for small flow
pulsation, the zero solution is stable and no flexural motions develop. However, as the amplitude of flow pulsation
reaches a certain threshold value, the zero solution loses stability and the tube performs nonlinear vibrations. As is seen,
the mean flow component produces a stabilising effect on the dynamic behaviour of the system.

4.2. Bi-modal analysis: internal parametric resonance

In the previous part of the paper, resonant excitation has been considered provided that only condition (21) holds.
However, as suggested by the analysis of linear vibrations of a tube, it is possible that besides this condition, an internal

Fig. 7. Amplitude response curves (a perfectly tuned resonance) versus a magnitude of pulsating flow component ;. Mean flow
velocity y, = 0.1 (curves 1 and 3) and y, = 0.2 (curves 2 and 4).
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parametric resonance occurs, i.e.,
Ay =21 + €0y, 27)

where 4, is the second eigenfrequency of oscillations about the buckled static equilibrium position. As before, the flow
velocity is given as y = y, + &y, cos vt. The solution of a problem is sought now as

@(s,7) = @o(s) + C1 (D) X1 (s) + Ca(1) Xa(s), (28)

where X (s), X2(s) are selected as the first and second eigenmodes of the tube conveying fluid with constant velocity.
Standard Galerkin orthogonalisation technique gives two ordinary differential equations (4 = 4;):
a1C1 +a3C) + a4 Cy + asCy = a7 C + agC3 + a9 C1 s

+a10C2Cy + an C 1 C? 4 a1y C + a13C3 + 11 prolars + aisCr + aj6Cs

+ap;CCy + a]gCl2 + algCg) COS VT + px%(azo 4+ a1 C1 + anCy) cos® vt

+ vpAy(ax + auC + asCr + a26C12 + a7 C% + ayg C1 Cy) sin vt

+ pAx1(a Cr + a3 Cr + a3 C1 Cy + a3 Ci Cy + a3 C1Ch + a3 G Gy

+ assCyCy) cos vt + paygl(ase + azr Cr + as Cr + az C1 ) Cy

+ (az0 + an Ct + apCs + apyC1C) Gy + 22 (asa G + ass €1 G + ags G5

+ ay;Cy C"% + a4gC2C§ +awCCy +asgC,Ca + a51C|2€'1 + a52C§CQ) —yC1, (29a)

byCy + byCy + b3 C) + bsCy = b1C? + by C3 + by C; Ca
+b1gCICy + b1 C1 C3 + b12C; + b13C5 + 11 p10(b1a + b1sCy + bi6Ca
+ b17C, Cy + b1gC? + b1gC3) cos vt + pyi(bag + by Cy + by Cs) cos® vt
+ 2123 + b2 C + basCa + by C + by C5 + by C Ca) sin vt
+ pAx1 (b2 Cy + b3gCo + b3 C1 Cy + b3 C1 Cy + b3 C Gy + b3y GG
+ b3sCrCy) cos vt + payol(bss + b37 Cr + bsg Ca + b3 C1 o) C
+ (bao + b41 C1 + by Cy + baz C1 C2) C + 22 (baa C2 + bysC1 Ca + by C
+ b7 CLC + bisCrC + baoCi Cy + bso oGy + b5y CTCy + bs; G Cr) — 9 G (29b)

where a;(X1, X2, @), bi(X1, X2, @) are rather cumbersome coefficients not presented here for brevity. Thus, we search
for a solution of these equations in an expansion on the small parameter &:

Ci(v) = Co(To, Th) + eC1i(To, Th),

(30)
Cy(1) = Co(To, T1) + £Co1 (To, T1).
After substitution of expressions (30) in system (29), we obtain an elementary eigenvalue problem to order £°:
3*Cyy  0Cyy Gy
— — Cip=0
ai aTg +a3aTO +a4aTO +asCio §
°Cy , , 0Cy , , 0Cx
by——5+ bs—— + bs——+ b Cy = 0. 31
26T§+36TO+ 46T0+620 (1)
A solution for the problem to order ¢ is taken as
Cio = A1(Ty) exp(id; Ty) + x2A2(Th) exp(i42 Tp) + c.c.,
Cyo = k1 41(T1) exp(id1 To) + Ax(T1) exp(i42To) + c.c., (32)
where c.c. is a complex conjugate of the first two terms in (32), x1, Kk, are modal coefficients:
ib3A; iyl
K = 1034 142y =12 (33)

b2t baidy—bs @i+ asid — as
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The amplitudes 4;, 4> of vibrations are treated now as functions of slow time variable. The problem to order &!
becomes (only the first equation is given here)

ala;%l + 3666‘7114- m?—ﬁ—i—%&l —2alaa;ogl;l - alaa;ogz;,l
- a3%LT‘1" %CT” +arCly + asCay + ayCroCrg + a19CyCap + an Cro Cay
+anC3y + aiz Gy + 71px0(a@1a + aisCro + a16Cao) cos vTy
+vplyi(ax + axuCio + axsCy)sin vy + pAy, (029%? + m%Tl ) cos vTy

oC
+ p2yp |(azs + a3 Cro + azgCao + azo Cig Czo)Tm

oC oC
+ (ago + aa1 Cro + a2 Co + a43C19Cap) 10} VTTIOO- (34)
The solution for the problem to order ¢! can be expressed as follows:
Ci = Ai(Ty) exp(it1 To) + A121(T1) exp(i22To) + c.c., (35)
Cy1 = A112(T1) exp(id1 To) + A122(T1) exp(ifa Ty) + c.c.
To ensure a uniform validity of expansion (30), the following equations must have a trivial solution
mAm + Az =Ly,
nsAin + ngAiz = Ls. (36a)

n3Ai21 +n4din = Lo,
74121 + ng A2 = La, (36b)

where 1, = —a; A3 + a3idy + as, 0y = a4idy, 0y = —ayj3 + asidy + as, ny = agidy, ns = —b1 A3 + byidy + bs, ng = baily,
n; = —blﬂé + b3idy + bs, g = baidy; Ly, Lo, L3, Ly are presented in Appendix B.

As follows from the definition of the natural frequency, the principal determinants of both these systems vanish.
Therefore, to cancel secular terms, both complementary determinants should also vanish. It is easy to show that if any
one of them is zero along with the principal determinant, then the remaining one automatically equals zero. Thus,

conditions of elimination of secular terms in asymptotic expansion (30) are formulated as
Ly —nsL; =0,
mLs —nska 37)
N3Ls — 7L, = 0.

Straightforward algebraic manipulation results in a system of four amplitude modulation equations which are displayed
here as

—C 7_f1(c ,CZaéls g.z)a fz(C],CZa fl’ :2)
—C :f;(C ,CZaélaéZ)a f4((1’ 2,61 :2) ( )

The explicit formulation of the functions f;, i = 1,2, 3,4, is quite cumbersome. Here ¢y, 2, &1, &, are amplitudes and
phase angles of symmetric and skew-symmetric oscillations, A4; = ¢ (T1)exp(i&;(T1)), A> = c2(T1)exp(i&,(T1)), see
Eq. (32).

Some results of numerical analysis of resonant vibrations of a fluid-filled tube with the same parameters as given in
Section 4.1, namely, « = 0.2, 5 = 0.95,d = 0.02, k = 0.2, p = 0.2 and y = 0.1, are illustrated in Fig. 8, for three cases of
loading by bending moments at s,, = 0.25 and 0.75. Their magnitudes exceed the magnitude of moments considered
in the previous part of the paper and each one of them makes condition (27) hold true. Curves 1 and 2 display the
dependence of amplitudes of dominantly symmetric and dominantly skew-symmetric modes on the amplitude of flow
pulsation for mean flow velocity of y, = 0.1 and curves 3 and 4 display the same dependence for y, = 0.15. Circles and
rectangles denote amplitudes of vibrations obtained from direct numerical integration of ‘modal’ Eq. (29a) and (29b).
Similar to the case treated in Section 4.1, for sufficiently small flow pulsation a zero solution is stable and no flexural
vibrations develop. As pulsation amplitude reaches a certain threshold value (e.g., yx; 20.0275 for y, = 0.1, see
Fig. 8(a)), the zero solution becomes unstable, whereas a single-mode nonlinear motion develops. However, this regime
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Fig. 8. (a) Amplitude response curves versus a magnitude of pulsating flow component for M = 2.09 x 104, (b). amplitude response
curves versus a magnitude of pulsating flow component for M = 1.19 x 10~* and (c) amplitude response curves versus a magnitude of
pulsating flow component for M = 2.99 x 107>,

of symmetric motions is stable in this particular case, only if y; <0.0354. If the amplitude of flow pulsation exceeds this
value, then a skew-symmetric component develops (curve 2) and the tube performs stable bi-modal vibrations. It should
be pointed out that if the problem is solved in a single term approximation, then the dependence of the amplitude of
symmetric motions is presented by the dashed curve 5, which smoothly emerges from curve 1 at y; ~0.0354 and lies well
above its displayed part. Similarly, dashed curve 6 emerges from curve 3 for y, = 0.15, and the same holds true for all
other cases illustrated in Fig. 8. Transition from a single modal to a bi-modal regime of motion is often characterised by
a saturation phenomenon (Nayfeh, 1973; Thomsen, 1997), which manifests itself as ‘locking’ of the amplitude of a
symmetric mode due to generation of a skew-symmetric component of motions and growth in its amplitude. In the case
at hand, a single-mode solution is nonlinear and both amplitudes in the bi-modal regime remain dependent on the
amplitude of pulsation. As is seen from Figs. 8(a—), an increase in mean flow velocity stabilises the zero solution and
pushes the occurrence of the bi-modal regime towards larger amplitudes of flow pulsation. In all three cases, the
asymptotic results are fully confirmed by the direct numerical integration of Eqs. (29a) and (29b).

The case when bending moments are applied at the edges of a tube, i.e., at 5, =0.0 and 1.0, has also been
analysed. The magnitudes of bending moments have been chosen to produce the same static lateral deflections at
s = 0.5 as in the previous case. Qualitatively, the amplitude response curve are much alike those in Figs. 8(a—c), and we
do not display them here for brevity. Comparison of these two loading cases shows that much lower magnitudes of
bending moments applied at s, = 0.0 and 1.0 are required to produce the same maximum static lateral deflections.
Also, the amplitudes of symmetric oscillations about initial static equilibrium position are always lower in the case of a
fully curved tube than in the case of a tube curved only at the segment (0.25, 0.75).

5. Conclusions

A theoretical investigation of nonlinear static bending and vibrations of a simply supported nonuniform fluid-
conveying tube is presented. The problem in statics of a tube with variable moment of inertia is solved numerically and
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it is shown that for sufficiently slender tubes their behaviour is controlled by nonlinear geometry, whereas the
contribution of nonlinear elasticity is very weak. Eigenfrequencies and eigenmodes of vibrations of a deformed tube are
found in a solution of a linearised problem in dynamics. Analysis is restricted by the in-plane motions of a tube, i.e.,
motions developed in a plane of the initial static bending. It is shown that in the case of static bending by two
symmetrically positioned moments, an internal parametric resonance is likely to occur between the first (symmetric) and
the second (skew symmetric) modes. Then, the nonlinear dynamics of the deformed tube is addressed. The method of
multiple scales is applied in the single and the bi-modal approximation to analyse the case of weak resonant excitation.
Ranges of parameters of a flow pulsation which are related to a stable zero solution, a stable single-mode solution
(when no internal parametric resonance occurs and also in the case of an internal parametric resonance) and a stable bi-
modal solution (in the case of an internal parametric resonance) are found. The mean flow velocity component is shown
to produce a stabilising effect. It is also shown that amplitudes of flow-induced vibrations are rather sensitive to static
loading conditions.

Appendix A

The nonlinear coefficients in the single-mode approximation are as follows:
S

s ) oS .
ki :%Az/ {/ (oc2—1+p)/ (pcos<p0ds2cos<p0—/ (oc2—1+p)/ <psin(p0ds2sin<p0}<pds,
o LJo 0 0 Jo

! T =5 4 " s o kndt 6 " b
ko= [ {hocosonp + g et = Do’ + 42 9] = = [36° ~ oo + 200000

e T
+18c°a q)ozgo] — pr% cos Z(pogo}(p ds,

r, . , kndr, b ) s
ky = A Eﬁosm%(ﬂ +W[3(°‘ = DC2pyp @ + ¢y )+ 1807 @y }

- gpxé sin 20" }q) ds,
1 .
1 knd' n '
o :/ {gﬁo c0s 9’ + o= 32 = 1) 9" + 64 0| = Zpyd cos 2%@"}@ ds,
0
S ! n [l
kg = —/ @sin2¢ds, ko = —/ @’ cos2pyds,  kig = *_/ ¢’ sin 2¢, ds,
4 0 2 0 2 0
! T [
ki1 :—/ @sin2pyds, kip= —/ @” cos 2 ds,
8 0 4 0

1 Ky N
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4Jo \Jo 0
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1 s X S K
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0 \Jo 0 0 0

1 s s N
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0 0 0 0
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0 0 0
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Appendix B

The left-hand sides of Eq. (36) are

dA4 dA4;
L1 = — 21(11;1 (a3 + K1(14) + 2((17 + Klag)A A2 eXp(lﬂzT())

dT)
+ aglclAlAz exp(ioa Ty) + a9K2A1A2 exp(ioa Ty) + 3a10A1A1K1 + 46110A1A2/-12K2

+ a11K%A2/_11 + 2a11K1K2A1A2/_12 + 2a11K%A%/_11 + 2a11K1K2A1A2/_12 + 2a11K§A1A2/_12
/(1P (o

+3apAt A + 3aisi AT A + [014 exp(—io Tp) + a154; exp(iTo(o) + 02))

+ aiskaAz exp(iTo(o) + 02))] — [6123 exp(—io Tp) + ax Azxz exp(iTo(o) + 02))

. i
+ azoka/a A exp(iTo(o1 + 02))] +

2 ;Xl[angm xp(iTy(o1 + 02)

+ azoi22 A2 exp(—iTo(01 + 62))] + iprcyg [asel1 Ay + az (A1 A2y explioa To) + Ay Az 4 exp(io T)]
+ asg(A1 Aarz g exp(ic2 To) + A1 Aaxci 2y exp(ic2 To)) + aso(AT A 12 + A1 A2 Aok 2

+ 241 A2Ark001 + A1 ArAsk1Jo + 241 A Askadn) + asgArici Ay + ag Ay Axici Ay exp(ioa Ty)

+ a43A%/_11;c%),1 + 2ay3A1 Ar Arici 100 4 ag A1 Ariciicady exp(ioa Ty) + agy A1 Aricady exp(ios Ty)
+2a4341 A2 A213 00 + an A1 Aski 1222 exp(ioa To) + asz A1 Ay Aski K222 + agz A1 A337 explios To)
=yl Ai(1 + x1);
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L; is similar to L; if the coefficients a; are replaced by the coefficients b;.
. dA, dA,
Ly=-2 — — a3
2 T T Bar,
+ Clgj.lA% exp(—io-z T()) + aloA%/_lz/lz + 26[10141142/_1122
+ (lllK%A%/]Q + 2a11K%A1/_11A2 + 2a11K1K2A2A1/_11 + 2a11K%A§/_12 + 3a12A§/12
X1PXo
2

+ (a7 + K1a) A7 exp(—ios Tp)

+ 3a;i3 434, + [a1541 exp(—iTy(o1 + 02))

vy,

+ aisr1 41 exp(=iTo(o) + 02))] — [az 4121 exp(=iTo(o1 + 02))

iply,
2

+ azor A Ay exp(—iTo(o1 + 02))] + ipryglaseiods + azy A7y exp(—ioa Tp)

+ ass(Ajx1 Ay exp(—ioa Ty)) + azo(3A1 A2 A1 /g exp(ioa Th)

+ 241 A2 A 11221 exp(ioy Th) + 245 Aok 1 7 + Ay Aa A1k 2 + 345 AaKa)a) + as Ay 2y exp(—ioa Ty)

+ a42A%K%21 exp(—iog, T1) + a43A1A2f_12K%/11 + 3a431‘_11A1A2K%/11 + 2ap3A 1 Ar A k11600

+ 3as3A3 42130 + s Askala + asz A1 Ay A1K1K220 + 2as3 A2 Ak K200

—yida Aa(1 + K2);

+ azor1 A1 Ay exp(—iTo(oy + 62))] + [az A1 1 exp(=iTo(o1 + 02))

L, is similar to L, if the coefficients a; are replaced by the coefficients b;.
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